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ABSTRACT

This paper presents a systematic investigation of large eddy simulation (LES) and subgrid scale (SGS) modeling with application to
transcritical and supercritical turbulent mixing and combustion. There remains uncertainty about the validity of extending the LES
formalism developed for low-pressure, ideal-gas flows to simulations of high-pressure real-fluid flows. To address this concern, we reexamine
the LES theoretical framework and the underlying assumptions in the context of real-fluid mixing and combustion. Two-dimensional direct
numerical simulations of nonreacting and reacting mixing layers of gaseous methane and liquid oxygen in the thermodynamically transcriti-
cal and supercritical fluid regimes are performed. The computed results are used to evaluate the exact terms in the LES governing equations
and associated SGS models. Order of magnitude analysis of the exact filtered and subgrid terms in the LES equations and a priori analysis of
the simplifications are performed at different filter widths. It is shown that several of these approximations do not hold for supercritical tur-
bulent mixing. Subgrid scale terms, which are neglected in the LES framework for ideal-gas flows, become significant in magnitude compared
to the other leading terms in the governing equations. In particular, the subgrid term arising from the filtering of the real-fluid equation of
state is shown to be important.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0055751

I. INTRODUCTION

In order to meet the ever-increasing demand for high efficiency
and power output, there is a constant drive to increase the operating
pressures of propulsion and energy-conversion systems. In these devi-
ces, fuel/oxidizer injection, mixing, and combustion typically occur at
pressures and temperatures well over the critical states of both individ-
ual components and mixtures. Under such supercritical conditions,
fluid mixing is diffusion-dominated, while under subcritical conditions
two-phase interfacial dynamics prevail.1–3 The present study offers
specific recommendations for improved modeling of turbulent mixing
in transcritical and supercritical fluid flows.

A number of experimental studies on transcritical and supercriti-
cal mixing and combustion have been carried out over the last three

decades.4–9 They have been constrained, however, by two factors—the
challenges of replicating extreme operating conditions and the limited
resolution of measurement techniques. Numerical modeling, on the
other hand, while more capable in some ways, entails a wide array of
challenges associated with nonideal thermodynamics, transport anom-
alies, and numerical techniques, in addition to the classical turbulence
closure issues posed by fine-scale turbulent mixing and stiff chemical
kinetics.1,10 Fluid thermodynamic and transport properties vary rap-
idly near the critical point and require robust numerical schemes to
accurately capture the physics. In addition, there are complexities
for modeling of multicomponent mixtures, relevant to propellant
mixing and combustion. Recent studies have shown that subcritical
and phase separation phenomena can occur in some long-chain
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hydrocarbon–oxygen mixtures even when the operating pressure is
supercritical with respect to the pure components.11–13 The critical
pressures of such mixtures are widely different and sometimes much
higher than those of the constituent species, and the mixture under-
goes transition through different thermodynamic regimes, depending
on the local composition and pressure. Modeling approaches of real-
fluid thermodynamics and numerical schemes have been considered
in several works in the literature.10,13–17

Turbulence remains one of the most challenging unsolved areas
of classical fluid mechanics. Direct numerical simulation (DNS), while
most accurate, is limited to canonical flows at low Reynolds number
and simple geometries, even with the currently available computing
power. The challenge of grid resolution for DNS is particularly
demanding in supercritical fluid flow simulation because of the inher-
ently high Reynolds number associated with high liquid-like densities
and low gas-like molecular viscosities.1 Large eddy simulation (LES) is
a powerful and promising alternative in the effort to gain fundamental
understanding of the complex flow physics in this regime, and many
LES studies have been devoted to supercritical mixing and combus-
tion.10,18–20 The LES formulation involves an array of modeling
assumptions, and while these are reasonable under subcritical condi-
tions, their validity in the transcritical and supercritical regimes has
not yet been critically examined. Furthermore, the subgrid scale (SGS)
models that were originally developed for ideal-gas flows have been
applied directly to real-fluid flows without evaluation of their applica-
bility and validity.

Subgrid scale modeling of the unresolved terms in the filtered
equations is a central focus in the development of the LES framework.
Several SGS models have been reported in the literature.21 The first
and still one of the most commonly used models was developed by
Smagorinsky,22 which uses a constant coefficient suggested by Lilly.23

Further improvements were made by Germano et al.24 and Lilly25 who
proposed the dynamic computation of the model coefficient based on
the local flow features. Bardina et al.26 introduced the scale-similarity
model, which evaluates subgrid terms using test-filtered quantities.
These different subgrid modeling strategies, along with others, have
been used and compared for the simulation of supercritical turbulent
mixing.19,27,28 Most of the efforts in SGS modeling, however, have
been focused on the unclosed terms in the momentum and energy
conservation equations.

A common simplification made in the theoretical framework of
LES is that the filtered values of secondary quantities (such as viscous
stress, enthalpy, heat flux, and transport properties, including molecu-
lar viscosity, specific heat, thermal conductivity, andmass diffusivities),
which are nonlinear functions of the primitive variables, are calculated
directly from the resolved quantities using their original functional
form. Because of the nonlinear nature of these constitutive relations
(especially close to the critical point) and the filtering operation, such
simplifications result in additional unclosed terms (analogous to the
SGS stresses or energy flux). These terms, which will be derived mathe-
matically in Sec. IIC, represent the effect of subgrid scale fluctuations
of each of the primitive variables and their mutual interactions, on the
filtered flow quantity being evaluated. Since these terms are not com-
puted directly in LES, they are often neglected, under the premise that
they are of much lower order of magnitude as compared to the leading
terms in the governing equation. While such assumptions seem to be
reasonable and have been validated for ideal-gas flows, extension to

transcritical and supercritical flow modeling introduces uncertainties.
The issues with consistent filtering and the introduction of appropriate
residual terms are also pertinent to the Reynolds-Averaged Navier-
Stokes (RANS) methodology, which remains a widely used technique
for scientific and engineering problems.

DNS serves as a useful tool for the development and assessment
of SGS models for LES of turbulent flows and combustion,29,30 but
efforts in the context of supercritical mixing have been very limited.
Selle et al.28 performed an a priori study of the LES assumptions and
SGS terms by means of DNS of supercritical temporal mixing layers.
Some of the simplifying assumptions in LES, notably the modeling
errors arising from the filtered pressure and heat flux in the momen-
tum and energy conservation equations, were shown to be invalid in
the supercritical fluid regime. Bellan31 also conducted DNS of reacting
temporal mixing layers at supercritical conditions. One limitation of
these studies is that the characteristic Reynolds number was of the
order of 1000, which does not adequately represent the behavior at
small scales in realistic turbulent environments. Furthermore, the
studies employed temporal mixing layer data, without consideration
of the spatiotemporal evolution of the flow dynamics.

Ribert et al.32 carried out a one-dimensional analysis of low- and
high-pressure CH4/O2 premixed and nonpremixed flames. Their
results indicated that computing the filtered pressure directly from the
Favre-filtered species mass fractions and temperature leads to signifi-
cant errors, especially in the transcritical regime. A correction for the
filtered pressure was proposed in the tabulated framework. Since the
study was based on a one-dimensional analysis with no realistic turbu-
lence involved, the applicability of the proposed approach remains to
be validated. Lapenna and Creta carried out DNS of supercritical and
transcritical temporal jets.33,34 They examined subgrid modeling errors
associated with the evaluation of filtered thermodynamic properties
and proposed a modeling approach using a presumed b-pdf distribu-
tion. Good improvement was achieved over the no-model approach.
The work, however, was conducted at an initial jet Reynolds numbers
of 1500/3000 and with a single species. The use of temporal jets inhib-
its a complete understanding of spatiotemporally evolving turbulence.
A detailed assessment of the significance of these subgrid terms in
multispecies turbulent flows at realistic Reynolds numbers is also yet
to be undertaken.

A major challenge associated with DNS is the prohibitively high
computational cost of resolving all the turbulent length scales. The
cost typically scales as Re3, and this limits the Reynolds number of the
flows that can be investigated with the currently available computing
power. Studying flows at low Reynolds number does not provide a
true understanding of the physics of small-scale motion, due to the
limited range of scales represented and lack of scale separation. Quasi
two-dimensional DNS of supercritical mixing and combustion at
Reynolds numbers of the order of 105 have been performed and inves-
tigated by Oefelein35,36 and Ruiz et al.37 Such studies allow a compro-
mise between a realistic Reynolds number and computational
feasibility and are essential to the evolution of a physical understand-
ing and development of modeling strategies for practical applications.

In the present work, two-dimensional DNS of spatially evolving
transcritical mixing layers, constituted by liquid oxygen (LOX) and
gaseous methane at device-relevant conditions, is simulated and the
database is used to conduct a systematic a priori analyses of the LES
framework. The simulations are performed under both nonreacting
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and reacting conditions to investigate the effect of multispecies turbu-
lent mixing and chemical reactions on the subgrid scale quantities of
interest. In Sec. II of this paper, the theoretical formulation for DNS is
presented and the governing equations for LES are derived from first
principles to highlight the complete set of filtered and subgrid terms.
An overview of the computational framework used to perform the
simulations is provided in Sec. III. In Sec. IV, the filtered terms derived
in Sec. II are computed exactly from the DNS database by explicit spa-
tial filtering to assess the validity of the simplifying assumptions in the
conventional LES framework. A budget analysis is performed by quan-
tifying the order of magnitude of each of these terms to reveal the rela-
tive contribution of the terms with respect to the governing equations.
The modeling errors associated with the computation of the filtered
thermodynamic and transport quantities for multicomponent mix-
tures are investigated in detail at different filter widths.

II. THEORETICAL/MATHEMATICAL FORMULATION

In this section, the governing equations for the conservation of
mass, momentum, energy, and species mass fraction, along with the
real-fluid equation of state used in DNS are introduced. The LES fil-
tered equations are then derived to highlight the unresolved subgrid
terms in each of the governing equations. As an example, the formula-
tion for the subgrid density, which results from the filtered equation of
state, is shown in detail.

A. Conservation equations for DNS

The governing system of conservation equations and constitutive
relations for a general fluid flow is represented as follows.

Mass:

@q
@t
þ @quj

@xj
¼ 0: (1)

Momentum:

@qui
@t
þ
@ quiuj þ pdij
� �

@xj
¼ @sij
@xj

: (2)

Energy:

@qE
@t
þ @ qE þ pð Þui

@xi
¼
@ sijuj þ qið Þ

@xi
: (3)

Species mass fraction:

@qYk

@t
þ @qYkuj

@xj
¼ @

@xj
qDk

@Yk

@xj

 !
þ _xk; (4)

where q; ui; p; and Yk are the density, velocity components, pressure,
and mass fraction of species k, respectively, and _xk denotes the mass
production rate of species k due to chemical reactions. The specific
total energy E is defined as, E ¼ eþ ujuj=2; where e is the internal
energy per unit mass and includes the sensible energy and the heats of
formation of all the species in the given mixture. The specific enthalpy
is defined as h ¼ eþ p=qð Þ and the corresponding total specific
enthalpy is H ¼ hþ ujuj=2. The viscous stress tensor sij and the heat
flux qi are calculated as

sij ¼ l
@ui
@xj
þ
@uj
@xi

 !
� 2
3
l
@uk
@xk

dij; (5)

qi ¼ �k
@T
@xi
þ q

XN
k¼1

hkDk
@Yk

@xj
: (6)

In this formulation, Soret and Dufour diffusion effects are neglected in
Eqs. (4) and (6), respectively, for the sake of simplicity, although the
relevance of these terms remains an open question.38 Once the reader
is acquainted with the derivations and the unconventional subgrid
terms that follow in Sec. II B, the filtered and subgrid components cor-
responding to other detailed transport terms can also be constructed
and included in the formulation. All of the thermodynamic and trans-
port properties, including dynamic viscosity l, thermal conductivity k,
mass diffusivity of the kth species Dk, specific heat capacity cp, and
specific internal energy e and specific enthalpy h, are evaluated from
fundamental thermodynamic theories,14 and extended corresponding
states principles.39,40 The details of the theoretical formulation and
implementation are presented by Meng and Yang.14 The governing
equations are solved by means of a preconditioning scheme with dual-
time step integration.41 In this numerical framework, the gauge pres-
sure pg ð¼ p� pref Þ, velocity components u; v;w, temperature T; and
species mass fraction Yk are treated as the primitive variables, and all
secondary quantities are calculated from the primitive variables. For
example, the density q is calculated from the Soave–Redlich–Kwong
equation of state42 (SRK-EOS), given as

p ¼ qRuT
W � bq

� aa
W

q2

W þ bq
: (7)

This is a cubic equation of state, where a and b represent the molecular
interactions. The above equation can be written as

p ¼ qZRT (7a)

or

q ¼ p
ZRT

: (7b)

Here Z is the compressibility factor that accounts for real-fluid effects.

B. Filtered equations and subgrid terms for LES

In LES, large-scale motions that carry most of the kinetic energy
are fully resolved, while the effects of small unresolved scales, which
are considered to be universal, are accounted for through SGS models.
To separate large- and small-scale motions, a low-pass filtering opera-
tion is performed on the governing equations. In the present study, a
box filter, defined as follows, is employed,

f xð Þ ¼ 1
DV

ð ð ð
dV

f xð Þdx: (8)

Here, the filter size/volume used is the mesh size/cell volume of the
corresponding LES computational grid. The Favre-filtered value of a
flow variable is defined as

ef ¼ qf
q
: (9)
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The LES equations are then derived by applying the Favre-filtering
operation on the conservation equations (1)–(4) and assuming com-
mutativity of the differential and filtering operations.

Mass:

@q Qð Þ
@t

þ
@ q Qð Þeuj

� �
@xj

¼ 0: (10)

Momentum:

@ q Qð Þeui

� �
@t

þ @

@xj
q Qð Þeuieuj þ pdij
� �

¼ @

@xj
sij Qð Þ � @

@xj
q Qð Þ guiuj � euieuj

� �
: (11)

Energy:

@ q Qð ÞgE Qð Þ
� �

@t
þ
@ q Qð Þ gH Qð Þeui

� �
@xi

¼ @

@xi
eujsij Qð Þ þ qi Qð Þ � q Qð Þ gH Qð Þui � gH Qð Þeui

� �n
þ uisij Qð Þ � euisij Qð Þ
� �o

: (12)

Species mass fraction:

@q Qð ÞeYk

@t
þ
@ q Qð ÞeYkeuj

� �
@xj

¼ @

@xj
q Qð ÞD Qð Þ @Yk

@xj
� q Qð Þ gYkuj � eYkeuj

� � !
þ� _xk Qð Þ:

(13)

The overbar and tilde denote the filtered and Favre-filtered quantities,
respectively. The unclosed SGS terms that are generally considered in
Eqs. (11)–(13), namely, the SGS stresses ssgsij , enthalpy flux Hsgs

i , vis-
cous work rsgs

ij , and scalar flux Usgs
ij , are defined as

ssgsij ¼ q Qð Þguiuj � q eQ� �euieuj; (14)

Hsgs
i ¼ q Qð ÞH Qð Þui � q eQ� �

H eQ� �eui; (15)

rsgs
i ¼ ujsij Qð Þ � eujsij eQ� �

; (16)

Usgs
kj ¼ q Qð ÞYkuj � q eQ� �eYkeuj: (17)

Mathematically, these terms originate as the remnant from simplifying
the filtered value of the product of the two quantities as the product of
the corresponding filtered quantities. This is inevitable in the LES for-
mulation, since complete information of the primitive variables at all
the turbulent scales to compute the exact covariance terms is not avail-
able and hence has to be modeled. These terms qualitatively represent
the effects of the interaction of flow quantities between the resolved
scales and the unresolved subgrid scales, and accounting for them is
essential to construct a true representation of the filtered flow field and
turbulent statistics in an LES simulation. These terms are commonly
modeled using the Smagorinsky model or its dynamic variants,
employing an eddy-diffusivity hypothesis.

In the preconditioned formulation and solution approach, pressure
and temperature are directly solved as part of the independent state vec-
tor, and density is calculated using the equation of state. In general, any
secondary fluid property or flow quantity / q; E; H; cp; sij;ð Dk; etc:Þ
is computed using the set of independent primitive variables, which
in this case is Q ¼ p; u; v;w;T;Ykf gT , through the corresponding
constitutive relation. We denote this relationship as / ¼ /ðQÞ. In
LES, the filtered value of / is typically approximated asg/ðQÞ � /ðeQÞ, due to lack of complete information at all scales
pertaining to Q. The two terms in the approximation are not equal,
as a consequence of the nonlinear nature of the functional form of /
with respect to the state vector and the filtering operation. The dif-

ference between g/ðQÞ and/ðeQÞ gives rise to additional terms in the
governing equations as follows:

qsgs ¼ q Qð Þ � q eQ� �
; (18)

qHð Þsgs ¼ q Qð ÞH Qð Þ � q eQ� �
H eQ� �

; (19)

Dsij ¼ sijðQÞ � sijðeQÞ; (20)

qsgsj ¼ qj Qð Þ � qj eQ� �
; (21)

jsgsk ¼ q Qð ÞD Qð Þ @Yk

@xj
� q eQ� �

D eQ� � @ eYk

@xj
: (22)

There are also subgrid terms associated with evaluating the thermody-
namic and transport properties from the filtered primitive variables.
For ideal-gas flows, these contributions are usually smaller in magni-
tude than the other terms in the governing equations and can thus be
neglected in the LES formulation. Recent studies,28,33 however, have
questioned the applicability of this assumption in the context of super-
critical flows. Indeed, taking into account the nonlinear nature of
thermodynamic non-idealities and resulting constitutive relations, it is
important to include these additional terms for an accurate LES repre-
sentation. Another factor contributing to the complexity of the LES
modeling is the presence of the characteristic steep gradients of flow
properties (in particular density) in transcritical and supercritical mix-
ing.38 These gradients play an important role in the dynamics of
small-scale turbulence and alters the relative contributions and effects
of subgrid terms.

To shed further light on these issues, the relevance of these terms
is investigated by deriving the exact filtered conservation equations,
including all of the terms. The magnitude of each term is evaluated
using the DNS data. Expanding Eqs. (10)–(13) and using the defini-
tions of the subgrid terms listed above, we have the following.

Mass:

@q Qð Þ
@t

þ
@ q eQ� �euj

� �
@xj

þ
@ qsgseuj
� �
@xj

¼ 0: (23)

Momentum:

@ q Qð Þeui

� �
@t

þ
@ q eQ� �euieuj þ pdij
� �

@xj
þ
@ qsgseuieuj
� �
@xj

¼ @

@xj
sij eQ� �

þ Dsij � ssgsij

� �
: (24)
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Energy:

@ q Qð ÞgE Qð Þ
� �

@t
þ
@ q eQ� �

H eQ� �euj

� �
@xj

¼ @

@xj
euisij eQ� �

þ qj eQ� �� �
þ @

@xj
euiDsij þ qsgsj � Hsgs

i þ rsgs
ij

� �
þ
@ qHð Þsgseuj
� �

@xj
: (25)

Species mass fraction:

@q Qð ÞeYk

@t
þ
@ q eQ� �eYkeuj

� �
@xj

¼ @

@xj
q eQ� �

D eQ� �@eYk

@xj
þ jsgsk �Usgs

kj

 !
þ@ðq

sgseYkeujÞ
@xj

þ _xk Qð Þ:

(26)

Subgrid scale modeling issues associated with the chemical source
term in Eq. (26) is a topic of wide research interest but is not consid-
ered further in this study. The above equations represent the general
and exact form of the filtered equations including all subgrid terms.

C. Filtered equation of state and thermodynamic/
transport property evaluation

In the above formulation, the qsgs term appears most frequently.
This term is closely examined in the present study. Application of the
filtering operation on the equation of state (7a) yields

p ¼ ZqRT ¼ qgZRT ¼ qeZeReT þ q gZRT � eZeReTð Þ: (27)

The second term on the right-hand side represents the subgrid pres-
sure term that is often neglected in the LES formulation. Ribert et al.32

examined the significance of this term at low- and high-pressure con-
ditions using one-dimensional flames. In the above equation, R is the
specific gas constant, defined as the universal gas constant Ru divided
the molecular weight W of the mixture. For a multicomponent mix-
ture with n species, R is calculated as

R ¼ Ru

W
¼ Ru

Xn
k¼1

Yk

Wk
: (28)

Combination of Eqs. (27) and (28) yields

p ¼ qeZeTRu

Xn
k¼1

eYk

Wk
þ qRu

g
ZT
Xn
k¼1

Yk

Wk
� eZeTXn

k¼1

eYk

Wk

0@ 1A: (29)

Even for ideal-gas flows (Z ¼ 1), the approximation of the covariance
of the temperature and species mass fraction still leads to a subgrid
term which is nonzero for multicomponent reacting flows.43 The com-
pressibility factor Z is further a nonlinear function of the state varia-
bles p; T; andYis: Therefore, the direct evaluation or closure of the
triple covariance term is nontrivial. In the LES formalisms currently
used, it is difficult or impossible to obtain the value of the second term
on the RHS of Eq. (27), because of the triple covariance term, which is
not computed directly in LES. The second term, thus, remains

unclosed and is often neglected in existing LES solvers. For supercriti-
cal and low-speed simulations, a pressure-based solution approach is
often used to overcome numerical issues with spurious pressure oscil-
lations and numerical instabilities.14,44 In such cases, the equation of
state is often implemented to calculate the density in terms of pressure
and temperature as shown in Eq. (7).

The exact filtered density is given as

qexact ¼ q Qð Þ ¼ pgZRT : (30)

In terms of Favre-filtered quantities, the filtered density is approxi-
mated as

qLES ¼ q eQ� �
¼ p

Z eQ� �
R eQ� �eT : (31)

Using the DNS database, we can compute the exact and approximated
filtered density by calculating the Favre-filtered quantities. The
unclosed term, referred to as the subgrid density, can then be calcu-
lated as

qsgs ¼ qLES � qexact ¼
p

Z eQ� �
R eQ� �eT � pgZRT : (32)

The relevance of this unclosed subgrid density is a primary focal point
since it is coupled with multiple terms in the governing equations. An
investigation of subgrid density was considered in the context of
single-component temporal jets by Lapenna et al.,44 but the signifi-
cance and behavior would be drastically different for multicomponent
flows. Analogous to the equation of state, there are subgrid terms asso-
ciated with the evaluation of the filtered thermodynamic and transport
properties in terms of the corresponding constitutive relations. These
terms manifest primarily in the diffusive terms in the governing equa-
tions. For example, consider the approximation of the filtered heat
flux term in the energy equation,

@

@xi
qi Qð Þ ¼ @

@xi
j Qð Þ @T

@xi

 !

¼ @

@xi
j eQ� �@eT

@xi

 !
þ @

@xi
j Qð Þ @T

@xi
� j eQ� �@eT

@xi

 !
: (33)

The second term on the right-hand side, which is a subgrid term, can
be expanded further as

@

@xi
j Qð Þ @T

@xi
� j eQ� � @eT

@xi

 !
¼ @

@xi
j Qð Þ @T

@xi
� j Qð Þ @

eT
@xi

 !

þ @

@xi
j Qð Þ � j eQ� �� �

@eT
@xi

 !
:

(34)

In the equation above, the first term on the right-hand side represents
the subgrid term associated with the expression of the covariance term
as the product of two filtered quantities, while the second term repre-
sents the subgrid term associated with the evaluation of a Reynolds-
filtered transport property in terms of the Favre-filtered state variables.
A similar procedure can be applied for the other diffusive terms in
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Eqs. (11)–(13) to yield the terms in (24)–(26). The subgrid terms asso-
ciated with transport property evaluations are analyzed in Secs. IVA1
and IVB2 for the nonreacting and reacting flow cases respectively.

III. COMPUTATIONAL SETUP AND
NUMERICAL METHOD

A. Computational domain and boundary conditions

To generate the database for the baseline DNS study, a canonical
transcritical/supercritical planar mixing layer constituted of liquid oxygen
(LOX) and gaseous methane streams coþflowing along a splitter plate is
used, as shown in Fig. 1. This fundamental flow configuration is represen-
tative of many common applications, like fuel injectors, and has been
widely studied.37,45 The computational domain and flow conditions are
adopted from a previous study.46 Methane at 300K is injected from the
top of the splitter plate at a velocity of 60m/s, while LOX at 120K is
injected from the bottom at a velocity of 10m/s. The operating pressure is
100bar, well above the critical pressures of methane and oxygen, and the
resulting mixture at all compositions. The thickness of the splitter plate d
is 0.3mm, comparable to the thickness of many injectors employed in
propulsion engines. A plate length of 1mm is included to account for the
effect of the boundary layer development.

The computational domain extends to a distance of 10mm
downstream from the trailing edge of the plate and 5mm in the
transverse direction. A mean velocity profile following a one-
seventh power law, superimposed with broadband fluctuations of
5% turbulence intensity, is used to simulate a fully developed tur-
bulent boundary layer at the inlet for both incoming streams.
No-slip boundary conditions are applied on the surface of the
splitter plate. Outflow conditions are prescribed along the top and
bottom boundaries. The Reynolds number based on the LOX den-
sity and viscosity, splitter plate thickness, and velocity difference
across the plate is about 1.5 � 105.

B. Numerical schemes

A robust computational scheme is required to circumvent the
numerical stiffness arising from rapid flow property variations and the
wide range of characteristic time and length scales involved.1,10 A uni-
fied treatment of general fluid thermodynamics, based on the concepts
of partial-mass and partial-density properties, is established and incor-
porated into a preconditioning scheme.14,41 All the thermodynamic

properties, including the preconditioning matrix, Jacobian matrices,
and eigenvalues, are derived directly from fundamental thermody-
namics theories, producing a self-consistent and robust algorithm.14

The numerical formulation can accommodate any equation of state
and is valid for fluid flows at all speeds and at all fluid thermodynamic
states. Further efficiency is achieved by employing temperature instead
of enthalpy as the primary dependent variable in the preconditioned
energy equation. This eliminates laborious iterations in solving the
equation of state for temperature and consequently facilitates load bal-
ance among computational blocks in a distributed computing environ-
ment. The resultant scheme is highly efficient and suitable for parallel
processing.

The numerical framework employs a finite-volume methodology,
along with a dual-time step integration technique.47 Temporal discreti-
zation is obtained using a second-order backward differencing scheme,
and the inner-loop pseudo-time term is integrated with a four-step
Runge–Kutta scheme. Spatial discretization is achieved with a fourth-
order, central-difference scheme in generalized coordinates. A nine-
point stencil is employed to evaluate the convective flux in each spatial
direction to improve the spectral resolution of small-scale turbulence
structures. Fourth-order matrix dissipation with a total-variation-
diminishing switch developed by Swanson and Turkel48 is applied to
ensure numerical stability and minimize oscillations in regions with
steep property variations.

Finally, a multiblock domain decomposition technique is
employed to facilitate the implementation of parallel computing with
message passing interfaces (MPI) at the domain boundaries. The par-
allelization methodology is robust and the speedup is almost linear.
The numerical scheme used here is well established and has been
applied to a variety of numerical studies of multiscale, multiphysics
problems in the context of supercritical fluid and combustion dynam-
ics, including the vaporization, mixing, and combustion of liquid
droplets under transcritical and supercritical conditions,49,50 cryogenic
fluid injection,51,52 and mixing and combustion in both shear coaxial
and swirl injectors.53–55

C. Grid resolution

A total of about 19 � 106 grid cells is used for discretizing the
present two-dimensional problem, including 2000 grid cells across the
0.3mm rim of the splitter plate. This grid resolution is higher by a fac-
tor of 4 in each coordinate direction than that of a previous study
using the same numerical framework by Huo and Yang.46 In the recir-
culation zone downstream of the splitter plate, assuming a maximum
turbulent velocity of u0 ¼ 10m=s, the turbulent Reynolds number
based on the local flow properties is about 1:6� 104 with respect to
the methane and 2:7� 104 to the oxygen inlet flow conditions. The
latter is taken to be the maximum Reynolds number for resolution
considerations. The ratio of the largest to the smallest (Kolmogorov)
length scales based on this Reynolds number is estimated to be
l0=g ¼ Re0:75 � 2000. Considering the largest length scale to be of the
order of magnitude of the plate thickness, l0 � 3� 10�4m; the order
of magnitude of the Kolmogorov length scale is g � 0:14lm. The
transverse grid spacing in the near field and along the center axis of
the domain is about 0:15 lm: It should be noted that these estimates
of local flow properties and turbulent velocities are the maximum val-
ues. In reality, the local Reynolds number would be at least one order
of magnitude lower, due to the low velocity in the recirculation regionFIG. 1. Schematic of computational domain and flow conditions.
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and reduction in density of oxygen caused by mixing. For the reacting
case, the Reynolds number is further lowered in the mixing layer due
to thermal expansion caused by heat release and consequent reduction
in density and increase in gas viscosity. Ruiz et al.37 showed that
resolving the plate thickness by 250 points was sufficient to obtain a
converged spectrum for their benchmark DNS. Although their work
considered a H2/O2 mixture, the operating conditions are close to our
study. The spatial resolution in the mixing layer is, thus, deemed suffi-
cient to resolve the entire range of turbulent length scales for both
cases studied here.

The spectrum of turbulent kinetic energy is presented in Fig. 2
for the nonreacting case. The energy spectrum agrees well with the
theoretical slope of �5/3 in the inertial subrange and starts to falloff at
higher wave numbers. Figure 3 shows the transverse profiles of density
and specific heat capacity for the nonreacting and reacting cases. The
rapid property variations across the mixing layer in the transcritical
regime are well resolved. Note that there exist regions where density
varies by two orders of magnitude over a thickness on the order of 10
lm, which is well resolved by the grid. The characteristic length of
such transition layers, defined as the ratio of the density difference and
the maximum density gradient, is of the order of 10 lm for the non-
reacting case,

l ¼ qLOX � qCH4

rqj jmax

: (35)

D. Combustion modeling

DNS of turbulent combustion requires the solution of appropri-
ate chemistry mechanisms, often containing tens or hundreds of
chemical species and reaction steps. These reaction processes and the
resulting governing equations have to be solved on a grid that is suffi-
ciently fine to resolve the length and time scales associated with the
turbulence and flame. In addition, there are numerical issues posed by
the inherent nonlinearity and stiffness of the resulting system of equa-
tions. For high-pressure combustion, an added computational cost is
incurred with an evaluation of real-fluid thermodynamic and trans-
port properties for multicomponent mixtures and high-pressure
chemical kinetics. The computation of real-fluid properties alone has
been shown to constitute over 50% of the total computational

time.56,57 For reacting flows with multispecies transport and detailed
chemical kinetics, the computations associated with finite-rate kinetics
would increase the computational complexity by an order of magni-
tude depending on the number of species and the reaction mechanism.
Given these considerations, DNS of high-pressure combustion with
finite-rate chemical kinetics is computationally prohibitive unless
some simplifications are made.

To circumvent this problem, we use the laminar flamelet approx-
imation to model the combustion process. The fundamental assump-
tion of the flamelet model is that the reaction processes are infinitely
fast compared to the fluid dynamic processes. In other words, the time
scales of combustion are much smaller than the Kolmogorov scales.
The flamelet concept is believed to be valid when the Karlovitz num-
ber, defined as

Ka ¼ tf
tg

(36)

is smaller than 100.58 The characteristic timescale of the flame can be
calculated as

tf ¼
f 2st 1� fstð Þ

vq
; (37)

where fst is the mixture fraction at the stoichiometric condition. For
the LOX/methane mixture considered in this study, fst ¼ 0:2. The
extinction (quenching) scalar dissipation rate vq is obtained from the

FIG. 2. Turbulent kinetic energy spectra in near field of splitter plate.

FIG. 3. Transverse profiles of density and specific heat capacity across the transi-
tion layer (x/d¼ 5) for the nonreacting (a) and reacting (b) flow cases.
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solutions of counterflow diffusion flames of LOX and methane59 and
is found to be 3:6� 105 s�1 at the stoichiometric condition at 10MPa.
This gives a flame timescale of 7:1� 10�8 s. The Kolmogorov
timescale tg, calculated from the Reynolds number, integral length
scale, and reference velocity, is estimated to be of the order of
10�6–10�7 s: The resulting Karlovitz number is thus of the order of
10�1–10�2, and the flamelet assumption is justified for the flow con-
figuration considered in this study.

The length scale of a nonpremixed flame depends on the pressure
and strain rate. The maximum strain rate in the current configuration
for the nonreacting flow is found to be 6� 105 s�1: The

corresponding laminar flame thickness is 20 lm; based on the half
maximum width of temperature.60 The mesh resolution in the flame
zone is about 1–10 lm, which is smaller than the flame thickness.
Although all the relevant turbulent and flame scales are resolved
directly, the solution of finite-rate chemical kinetics is computationally
prohibitive under these conditions, as previously discussed. Therefore,
the laminar flamelet model is employed for the combustion modeling
in our study. The coupling of flamelet-based models with DNS simula-
tions has been considered in previous works61,62 to overcome the com-
putational challenges associated with detailed chemical kinetics.
Mukhopadhyay et al.63 have shown that the DNS combined with a

FIG. 4. Full-field instantaneous visualizations of nonreacting flowfield: distributions of density, mixture fraction and vorticity magnitude, and shadowgraph visualization (from top
to bottom).
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flamelet approach can reproduce exact DNS results when the grid size
is of the order of the flame thickness.

The flamelet model implemented in this study uses precom-
puted laminar flamelet solutions obtained from simulations of one-
dimensional counterflow diffusion flames that incorporate all real-
fluid thermodynamics and validated chemical kinetics.59,60 A
reduced oxygen/methane mechanism by Sung et al.64 is used to
model the chemical reactions. The solutions are tabulated in a
lookup table that is read by the computational fluid dynamics
(CFD) solver. The mixture fraction (f ) and scalar dissipation rate
(v) are used as input parameters, to obtain the species composition

in every grid cell at each time step from the table. The flamelet sol-
utions are only tabulated at a reference pressure corresponding to
the prespecified operating condition, since the pressure fluctuations
in the flow are within 1% of the reference pressure. For the DNS
simulations, the conservation equation for the mixture fraction is
given as

@qf
@t
þ @qujf

@xj
¼ @

@xj
qD

@f
@xj

 !
: (38)

The scalar dissipation rate is computed as

FIG. 5. Near-field instantaneous visualizations of nonreacting flowfield: distributions of density, mixture fraction and vorticity magnitude, and shadowgraph visualization (from
top to bottom).
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v ¼ 2D
@f
@xj

 !2

; (39)

where the diffusivity D is estimated from the mixture thermal conduc-
tivity with the assumption of unity Lewis number. Accurate modeling
of real-fluid mass diffusivities could play a key role in determining the
flame characteristics as shown by Guven and Ribert.45 It is emphasized
here, that the primary focus of this work is to investigate inconsisten-
cies associated with LES filtering and subgrid modeling at supercritical
conditions. The flamelet model offers a computational balance to
obtain a representative fully resolved multispecies reacting flow field
upon which these issues can be clarified.

IV. RESULTS AND DISCUSSION
A. Nonreacting flow (supercritical turbulent mixing)

1. Instantaneous nonreacting flowfield

Instantaneous snapshots of the full and near flowfields for the
nonreacting mixing case are shown in Figs. 4 and 5, respectively, in
terms of distributions of density, mixture fraction, and vorticity
magnitude, along with a simulated shadowgraph image (magni-
tude of second derivative of density). The pressure fluctuations in
the flowfield remain within 1%–2% of the operating pressure, and
above the critical pressure of the mixture at all times. No distinct
interface is observed between the liquid oxygen and methane
stream, as the surface tension and enthalpy of vaporization go to
zero across the critical mixing temperature. Strong vortices
develop due to the velocity difference, and stringy, fingerlike struc-
tures appear along the liquid oxygen stream. The mixing layer
shows behaviors similar to classical variable-density fluid mixing,
as observed in the experiments of Chehroudi et al.6 Another
important observation from the density and shadowgraph images
is the rapid variation of density and resulting steep density gra-
dients across the mixing layer. The high-density gradient regions
are a characteristic feature of transcritical and supercritical mixing

flows and are highlighted in the shadowgraph visualizations. As
the LOX stream, which is initially at a subcritical temperature of
120 K, meets the warmer gaseous methane stream downstream of
the splitter plate, its temperature increases and it goes through a
transcritical regime, where thermodynamic and transport proper-
ties are known to be very sensitive to changes in pressure and tem-
perature. This poses a severe challenge in accurately resolving
the flow variations, especially at the smallest turbulent scales. The
rapid variation of properties across the mixing layer and the
imposed grid resolution in LES have an impact on the magnitude
of the subgrid terms and are important considerations for accurate
SGS modeling.

Figure 6 shows the flow evolution through instantaneous snap-
shots of density at various time instants. The spatial and temporal
motions of the fine turbulent scales are captured in very high detail.
Such a high-resolution spatiotemporal DNS database facilitates a sys-
tematic examination of the accuracy of fluid property evaluation using

the filtered variables ð/ Qð Þ � / eQ� �
Þ and other SGS terms. In Secs.

IVA2 and IVA3, LES filter sizes of D ¼ 10DDNS (corresponding to
an approximate mesh size of 1.5lm, or 4–8 points across the charac-
teristic length of the transition layer) and D ¼ 20DDNS(corresponding
to a mesh size of about 3lm, or 2–4 points across the characteristic
length of the transition layer) are applied to the DNS dataset to obtain
the terms in the LES governing equations.

2. Modeling errors in computation of filtered flow
properties

In LES, the filtered thermodynamic and transport properties are
calculated directly from resolved primitive variables without including
the effect of the SGS fluctuations of those variables. With the DNS
database, it is possible to explicitly quantify the uncertainties intro-
duced by this approximation and use that information to guide the
development of LES modeling strategies. For any fluid property /, the
relative modeling error can be defined as

FIG. 6. Spatiotemporal evolution of the density field at various time instants.
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e/ ¼
/ Qð Þ � / eQ� �

/ Qð Þ
: (40)

Figures 7 and 8 show the scatterplot of the relative errors in computing
the filtered density, specific heat capacity, specific enthalpy, dynamic
viscosity, thermal conductivity, and mass diffusivity of methane as
functions of mixture fraction for filter size D ¼ 10DDNS and 20DDNS,
respectively. The errors are significant for most of these properties,
with regions where error is as large as 20% for density and specific
heat and over 50% for species mass diffusivity. The spatial distribu-
tions of the relative error magnitudes are shown in Figs. 8 and 9. The
error occurs mainly in the transcritical interface between the LOX and
methane streams (within 10�5 m). Through the transition layer, den-
sity drops rapidly from 1015 to about 75 kg/m3, and cp varies by a fac-
tor of 2 as shown in Fig. 3. This level of variation is generally not fully
resolved on the scale of the LES filter. The filtered properties are mis-
represented when calculated directly from the Favre-filtered variables
without taking into account the associated SGS fluctuations. The defi-
nition of Favre-filtering, which is essentially a density-weighted aver-
aging, dictates that the values of Favre-filtered quantities would be
skewed toward the denser species, depending on the local species dis-
tribution. In this case, the Favre-filtered temperature and species mass
fraction are primarily biased toward that of oxygen. This contributes
to the difference between the exact filtered property/ Qð Þ and the cor-
responding property evaluated from Favre-filtered state variables
/ eQ� �

. Such difference has been shown to exist even for the computa-
tion of filtered pressure in the ideal-gas equation of state for compress-
ible, multicomponent flows by Ribert et al.43 The percentage deviation
is much more significant in this case, due to the strong nonlinearity in
the state relationships under the transcritical and supercritical
conditions.

The sign of the error for a property would depend, in general, on
the value of the corresponding property of the denser species relative
to the lighter species. For example, we find that the approximated

filtered density is over-estimated and the error is negative, because of
the higher density of the low-temperature LOX stream. Similarly, the
specific enthalpy and species diffusivity of oxygen are much lower
than that of methane, and the corresponding filtered values are also
under-estimated, resulting in a positive error. These three properties
are strong functions of temperature and species composition and vary
by over two orders of magnitude across the mixing layer.
Consequently, the magnitude of error in the filtered property calcula-
tion is relatively higher. In contrast, the behavior is slightly different
for the other three properties, which are relatively weaker functions of
temperature. These properties vary at most by one order of magnitude
and the variation is mostly across the transcritical interface of the mix-
ing layer. The error distributions of these properties exhibit both posi-
tive and negative values in different regions. In reality, the evaluation
of properties depends on the instantaneous species concentrations,
temperature, and pressure, which are influenced by the flow evolution
and turbulent mixing of the streams. The situation becomes even
more complex in the case of reacting flows with several intermediate
species and stronger variations in temperature and species
concentrations.

The scatterplot of relative errors and the corresponding error dis-
tribution for a coarser filter size D ¼ 20DDNS are shown in Figs. 8 and
10, respectively. As the filter size is increased, the amount of informa-
tion of subgrid fluctuations that is filtered out increases. As a result,
there is wider deviation between exact- and Favre-filtered flow varia-
bles. This trend is shown in the figures, where the overall errors in
property estimation increase in terms of both the range of the maxi-
mum errors and the density of points with higher errors. This trend
can be visualized more clearly by comparing with Fig. 10. While these
results quantify the errors with respect to the individual thermody-
namic and transport properties, it is essential to understand and evalu-
ate how these errors manifest with respect to the actual terms in the
governing conservation equations. This is done through a systematic

FIG. 7. Relative errors in filtered property calculations as a function of mixture fraction. e/ ¼ ð/ Qð Þ � / eQ� �
=/ Qð ÞÞ. (Top) density, specific heat capacity, and specific

enthalpy, (bottom) dynamic viscosity, thermal conductivity, and mass diffusivity of methane, D ¼ 10DDNS (nonreacting).
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assessment of the exact terms in the filtered governing equations as
derived from Sec. II B.

3. Order of magnitude analysis of terms in the
governing LES equations for the nonreacting case

The results in Sec. IVA2 clearly demonstrate that there are nota-
ble differences between the exact filtered and LES approximated quan-
tities. However, the governing systems of equations comprised of
derivatives of these terms coupled with other flow quantities. A
detailed order of magnitude analysis is required to determine the
extent to which these differences manifest within the terms in the gov-
erning equations in comparison to the leading order resolved terms,

and how they affect the overall accuracy and fidelity of the numerical
approach. This would help identify the terms that are most important
to consider for LES modeling. To quantify the magnitude of each term
in the LES equations, the rms for each term w is calculated as

wRMS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
i¼1

wi
� �2 !vuut ; (41)

where N is the total number of numerical cells used for calculating the
statistics, and wi is the value of the term for cell i. Only cells in the core
of the mixing layer are used to compute the rms. The computed values
have been verified to provide a reasonable estimate of the order of
magnitude of the corresponding terms in the core of the mixing layer.
A similar methodology was employed by Selle et al.28 to assess the
terms in the filtered equations.

The exact value of each term in Eqs. (23)–(26) is evaluated using
the DNS dataset and the rms of these terms are shown in Table I. The
convective flux terms and the associated subgrid fluxes are the leading
terms in all the governing equations, which is expected in high
Reynolds number flows. In addition, we find that the derivatives of
terms containing the subgrid density qsgs, i.e., qsgseui; qsgseuieuj;
qsgseuieY j; and ðqHÞsgs are just one order of magnitude smaller than the
leading convective terms, and comparable to the traditional SGS con-
vective flux terms. In fact, the magnitude of terms involving subgrid
density is sometimes higher than that of the conventional SGS terms.
For example, in the u-momentum equation, the rms of the qsgseuieuj

term is 7% of the corresponding convection term, and an order of
magnitude larger than the traditional SGS stress term ssgsxx . Although
the error in property calculation for the filtered density is mostly
within 20%, the flux associated with the corresponding terms is signifi-
cant. Therefore, the modeling errors resulting from the evaluation of
filtered density need to be accounted for.

FIG. 8. Relative errors in filtered property calculations as a function of mixture fraction. e/ ¼ ð/ Qð Þ � / eQ� �
=/ Qð ÞÞ. (Top) density, specific heat capacity, and specific

enthalpy, (bottom) dynamic viscosity, thermal conductivity, and mass diffusivity of methane, D ¼ 20DDNS (nonreacting).

FIG. 9. Spatial distributions of error in calculation of filtered properties, D ¼ 10DDNS

(nonreacting).
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The viscous and diffusion terms are approximately 3–4 orders of
magnitude smaller than the convective flux terms in accordance with
the high Reynolds number. The subgrid quantities associated with
these terms in Eqs. (20)–(22), however, are of the same order of mag-
nitude as the corresponding diffusive flux terms. While these terms are
much smaller in magnitude compared to the leading terms in the gov-
erning equations, they still need to be considered to accurately model
the molecular diffusive processes which play an important role in the
dissipation of energy at the smallest scales.

The third row in the tables present the corresponding rms values
of the terms for the coarser filter size, D ¼ 20DDNS. The gradients of
the resolved flow quantities are slightly diminished with a coarser grid
resolution, as more small-scale fluctuations are filtered out. This trend
is seen primarily for all the leading order resolved terms in the govern-
ing equations. With increase in filter size, the amount of content at the
subgrid level increases, and the magnitude of the subgrid fluxes is con-
sequently higher. The corresponding derivative terms in the governing
equations increase slightly or remain about the same due to a com-
bined effect of increase in magnitude of the subgrid term itself and a
decrease due to increase in filter size (decrease in spatial derivative). As
result, the subgrid terms retain their order of magnitude with respect
to the fine filter size. However, their magnitude becomes more signifi-
cant with respect to the leading resolved terms. For example, in the u-
momentum equation, the relative magnitude of qsgseuieuj increases
from 7% to 13.5% with respect to the resolved convective flux term
q eQ� �eueu, while ssgsxx is also nearly doubled. The same trend is also
observed with corresponding terms in the other governing equations.
The subgrid terms associated with the diffusive (viscous) flux terms
decrease slightly but still remain comparable in order of magnitude
with respect to their corresponding resolved flux terms. Thus, the
issues with unclosed subgrid terms, particularly those associated with
the subgrid density, can be significant with respect to the governing
equations and play an important role in determining the flow evolu-
tion and prediction of turbulent mixing characteristics. The relevance
of these terms increases with filter size, which poses an important con-
sideration for coarse LES simulations.

B. Reacting flow (supercritical turbulent combustion)

In this section, we investigate the subgrid modeling issues
highlighted earlier in the context of multispecies reacting flows at the
same operating conditions.

1. Instantaneous reacting flowfield

Figure 11 shows the instantaneous distributions of density, tem-
perature, and OH species mass fraction, along with a simulated shad-
owgraph visualization, for the combustion case. Fine-scale
structures of the turbulent flowfield and its interaction with the
flame structure are observable in the DNS results. The flame is
anchored in the recirculation zone immediately downstream of
the splitter plate. It then spreads as the vortices roll up and
develop downstream. The predicted scalar dissipation rate in the
near field of the splitter plate is too small to quench the flamelets,
so the flame is stabilized at the LOX post. Since the flame is mix-
ing- and diffusion-controlled, the flame structure correlates
strongly with the mixing layers. The combustion process introdu-
ces very large temperature gradients, which in turn induce rapid
thermodynamic variations in the flame zone. The distributions of
species mass fractions and density show that the shedding of
unburned liquid oxygen from the liquid oxygen stream due to the
shear stress from the hot combustion products results in broad
expansion of the flame. The unburned oxygen ligaments continue
to mix with methane in the outer region and form a secondary
flame, which persists for a short time before the oxygen parcels
are completely depleted through reaction with rich mixtures. It
then either merges with larger flame structures through vortex
rolling/pairing or disappears by dilution into the low-temperature
fuel stream. The secondary flame is also observed in Singla et al.,7

but the mechanism is different. Here, the secondary flame is
formed from large-scale mixing of fuel and oxidizer, whereas in
Singla’s experiments droplet penetration accounts for the second-
ary flame.

As the flame is convected downstream, multiple pairings of vorti-
ces change the flame structure to a big multifold plume. The small
flame structures then mix with cold reactants and lose energy. The
flame generally continues to follow the oxygen stream and remains
close to the high-density oxygen. A small fraction of LOX is heated to
form gaseous oxygen, which is sufficient to react with the methane
brought up by turbulent mixing.

2. Modeling errors in computation of filtered
flow properties

Figures 12 and 13 present the relative errors in calculating
/ðQÞ as/ eQ� �

for density, specific heat at constant pressure, specific
enthalpy, dynamic viscosity, thermal conductivity, and mass diffusivity
of methane at a filter size of D ¼ 10DDNS and D ¼ 20DDNS, respec-
tively. The distributions of the errors are more complex than their
counterpart in the nonreacting flow. First, the errors in most proper-
ties are significantly larger than those observed for the nonreacting
case, especially for the specific heat, molecular viscosity, and thermal
conductivity. Second, the errors are spread over a wider region in the
mixture fraction space.

In the nonreacting flow, the variation of temperature and species
mass fraction is much smaller. The release of chemical potential

FIG. 10. Spatial distributions of error in calculation of filtered properties, D ¼ 20DDNS

(nonreacting).
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TABLE I. Significance of each term in the LES governing equations (nonreacting case), (row 2: D ¼ 10DDNS, row 3: D ¼ 20DDNS).

a. RMS of each term in the continuity equation, unit: 108 kgm�3 s�1
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energy in the combustion case broadens the range of variation of tem-
perature in addition to rapid variations of species concentrations. The
thermodynamic and transport properties are a function of tempera-
ture and species concentrations, and this dependence becomes more
complex and nonlinear for multispecies reacting flows due to the mix-
ing laws.16 The SGS fluctuations of these variables thus contribute to
the uncertainty of filtered flow properties. The first moments of the
independent state variables cannot uniquely and accurately represent
the thermodynamic status of the fluid parcel enclosed by the LES filter,
and this results in substantial deviation of /ðeQÞ from /ðQÞ.

The mixture composition and temperature vary rapidly in the
flowfield, due to the flow turbulence and flame structures. Each of the
species components have a unique thermodynamic behavior, which in
turn alter the thermodynamic properties of the resulting mixture
depending upon the instantaneous species composition through the
nonlinear mixing laws. The critical points of the mixture could be sig-
nificantly different from that of the constituent species, and the mix-
ture could undergo transition from ideal gas to supercritical fluid
phase and vice versa in the flame regions. This gives rise to significant
variation of the thermodynamic and transport properties at various

FIG. 11. Instantaneous visualizations of reacting flowfield: distributions of density, temperature and OH mass fraction, and shadowgraph visualization (from top to bottom).
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length scales. The LES filtering procedure of these turbulence-
chemistry interactions results in complex behavior of the errors in the
calculation of filtered mixture properties. This reinforces the impact of
the nonlinear nature of the thermodynamic and transport property
calculations for LES of multicomponent real-fluid mixtures.

The distributions of the error magnitudes in the calculated fil-
tered properties for the two filter sizes are shown in Figs. 14 and 15,
respectively. In contrast to the nonreacting case, where the error

distribution was largely across the transcritical mixing layer close to
the oxygen stream, the peak errors in the reacting case occur in two
branches—one corresponding to the stoichiometric flame surface that
occurs closer to the oxygen stream, and the other closer to the meth-
ane stream at the interface between the methane stream and hot flame
products. The error in the filtered density is smaller compared to the
nonreacting case. This may be attributed to the fact that the compress-
ibility factor Z of the hot gases in the flame and combustion products

FIG. 12. Relative errors in filtered property calculations as a function of mixture fraction. e/ ¼ ð/ Qð Þ � / eQ� �
Þ=/ Qð Þ, D ¼ 10DDNS (reacting).

FIG. 13. Relative errors in filtered property calculations as a function of mixture fraction. e/ ¼ ð/ Qð Þ � / eQ� �
Þ=/ Qð Þ, D ¼ 20DDNS (reacting).
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is close to one, thereby minimizing the effect of subgrid fluctuations of
Z on the filtered density. An error still persists due to the subgrid fluc-
tuations in temperature and species mass fractions, pointing to the fact
that their SGS effects are also relevant for ideal, multicomponent flows.
The effect of these errors has to be evaluated in light of their contribu-
tion through their counterpart terms in the governing equations. This
will be discussed in Sec. IVB3. Similar to the nonreacting case, the
overall error in filtered property calculations increases with increasing

filter size, along with a slight increase in the maximum error as seen in
Fig. 13.

3. Order of magnitude analysis of terms in the
governing LES equations for the reacting case

Following the same procedure as Sec. IVA 3, the terms in the
governing filtered equations are calculated for the reacting flow
case. Table II shows the rms values of each term in the filtered
equations for the two filter widths. Similar to the nonreacting flow
case, the convective terms, along with the corresponding tradi-
tional SGS flux terms, are among the leading terms in all of the
governing equations. It is noted that the Reynolds number is
smaller in the combustion case, because density is reduced and vis-
cosity is larger in the flame zone due to increased temperature. The
magnitudes of the molecular diffusion terms (relative to the con-
vective terms) are higher compared to the nonreacting case, but
still about two to three orders of magnitude smaller than the con-
vection terms and the SGS flux terms.

Table II strongly indicates the importance of correctly modeling
subgrid density qsgs and ðqHÞsgs. The magnitudes of these terms are
significantly increased and these are almost of same magnitude as the
resolved convective flux terms and higher than the SGS convective
fluxes. The SGS convective fluxes are more relevant in the energy and
species conservation equations and are diminished in the momentum
equations. The subgrid terms associated with the diffusive flux terms
are still comparable in magnitude to the corresponding resolved terms

FIG. 14. Spatial distributions of error in the calculation of filtered properties, D ¼
10DDNS (reacting).

FIG. 15. Spatial distributions of error in the calculation of filtered properties, D ¼ 20DDNS (reacting).
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TABLE II. Significance of each term in the LES governing equations (reacting case), row 2:D ¼ 10DDNS, row 3: D ¼ 20DDNS.
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computed from filtered flow variables. The relevance of modeling
these terms requires further investigation.

The trends with an increase in filter size are similar to those
observed for the nonreacting case. The magnitude of terms associ-
ated with the resolved flow quantities decreases, while those associ-
ated with the subgrid terms remain about the same with a
marginal decrease. Therefore, the subgrid terms are expected to
become more significant with respect to the resolved terms as the
filter size increases. Accurate modeling of subgrid terms is impera-
tive for coarse LES simulations.

V. CONCLUSIONS AND FUTURE WORK

The present work highlights important subgrid modeling issues
for accurate LES simulations of transcritical and supercritical mixing
and combustion. We revisited the LES governing equations with the
retention of all the associated SGS terms, and investigated these terms
in light of two-dimensional DNS of transcritical mixing layers at oper-
ating conditions representative of fluid injection, mixing, and combus-
tion in practical combustion systems.

The underlying modeling assumptions and subgrid effects
associated with the computation of secondary variables in the LES
formulation, which are neglected in the conventional framework
and implementations, were reexamined. While these simplifications
might be valid for ideal, single-component gas flows, their extension
to supercritical, multicomponent mixtures is questionable. We
investigated these assumptions by accounting all the subgrid terms
that arise from the filtering operation, and evaluating the order of
magnitude of these terms with respect to the leading physical terms
in the governing equations. It was found that some of these terms,
including those associated with the direct evaluation of filtered ther-
modynamic and transport properties, are substantial in magnitude
and hence should be considered in the modeling process. The sub-
grid density arising from the filtering of the real-fluid equation of
state is especially important, due to its presence in all the governing
equations and the magnitude of the resulting terms. There are also
subgrid terms associated with filtering the diffusive fluxes. While
these terms are much smaller in magnitude with respect to the
resolved convective terms, they are still comparable in magnitude to
the resolved diffusive fluxes and play an important role in the dissi-
pation and diffusion processes at the small scales. These terms
require further investigation and modeling efforts.

The issues presented in this work are especially important for
transcritical and supercritical fluid flows and combustion, involving
real-fluid transport, multispecies mixing and reacting flows at super-
critical pressures, where the mixture properties are highly nonlinear
functions of the species composition and thermodynamic state.
Accurate modeling of subgrid turbulence-chemistry interactions and
its effect on real-fluid thermodynamics and transport is principal to
ensure a consistent and accurate LES formulation. The increase in rele-
vance of subgrid terms with an increase in filter size presents an
important consideration for LES and RANS applications for complex
systems, where an appropriate grid resolution is essential to balance
the computational cost and accuracy.

Future work will focus on assessing the accuracy of current SGS
models under supercritical conditions and exploremodeling approaches
for the new set of subgrid terms identified in this paper. The important
considerations highlighted in this work warrant detailed investigation

under a wide range of flow conditions using data from three-
dimensional DNS simulations, when such studies are feasible.
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